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The Stokes equations

Stokes Equations |

Consider the time-dependent Stokes equations :

0

(a—l:—Au—&—Vp:f in Q x (0, T)
divu=20 in 2x (0, 7)
u=20 onl x (0, T)

where Q C RY, T = 9Q, f € L2(Q)“.

.
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A Projection Scheme

A projection scheme |

U

T AT = £y 0

"t =0 on [
utl (Stﬁnﬂ T o
divu™! =0 in Q
u™l.n=0 on I
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A Projection Scheme

Remarks :
@ This scheme is of first order (O(0t))
@ We have :
1 ~
— A(pttt— p) = ~ 5 divu™"? in Q
‘ n+l _ .n
o™ = p") _ onT
on
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A Projection Scheme

Remarks :
@ This scheme is of first order (O(0t))
@ We have :
1 ~
— A(pttt— p) = ~ 5 divu™"? in Q
o n+l _ .n
(Panp) _0 on T
Then

un+1 _ anJrl + 5tV(pn+l o pn) in Q
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A Projection Scheme

Remarks :
@ This scheme is of first order (O(0t))
@ We have :
1 ~
— A(pttt— p) = ~ 5 divu™"? in Q
o n+l _ .n
(Panp) _0 on T
Then

un+1 _ anJrl + 5tV(pn+l o pn) in Q

No inf-sup condition is required.
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A Projection Scheme

Remarks :
@ This scheme is of first order (O(0t))
@ We have :
1 ~
— A(pttt— p) = ~ 5 divu™"? in Q
o n+l _ .n
(Panp) _0 on T
Then

un+1 _ anJrl + 5tV(pn+l o pn) in Q

No inf-sup condition is required.
Solution by this formulation gives poor results :
One must discretize in space :
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A Projection Scheme

1 - ~

EM(UZ_H- - UZ) + AUZ+1 _ bn+1 o BTPZ
1
ot

Buj ™! =0.

SM(uftt — ) + BT (o] — pp) = 0

Whence

1_-
BM™ 1BT( n+1 PZ)* 5tB n+1
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A Projection Scheme

1 - ~
7M(uz+l - UZ) + AUZ+1 _ bn+1 o BTPZ

ot
(SltM( n+1 ~n+1)+BT( ntl_ pny — g
Buj ™! =0.
Whence ]
BM— 1BT( nl_ pny - 6tB~n+1
Remarks.

@ BM~ !B’ is an analog of —div, V, (not —A, 1. This
matrix is sparse if a mass lumping is used.
In general, it is less sparse than —Ay,.
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A Projection Scheme

1 - ~
7M(uz+l - UZ) + AUZ+1 _ bn+1 o BTPZ

ot
(SltM( n+1 ~n+1)+BT( ntl_ pny — g
Buj ™! =0.
Whence ]
BM— 1BT( nl_ pny - 6tB~n+1
Remarks.

@ BM~ !B’ is an analog of —div, V, (not —A, 1. This
matrix is sparse if a mass lumping is used.
In general, it is less sparse than —Ay,.

@ An inf-sup condition is to be satisfied to ensure stability.
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Aim : Avoid the inf-sup condition by modifying in a consistent way
the variationsl formulation

= Possibility of using arbitrary combinations of velocity and
pressure spaces.

Example : Method of HUGHES, BALESTRA, FRANCA for steady
state Stokes equations :
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Aim : Avoid the inf-sup condition by modifying in a consistent way
the variationsl formulation

= Possibility of using arbitrary combinations of velocity and
pressure spaces.

Example : Method of HUGHES, BALESTRA, FRANCA for steady
state Stokes equations :

(Vup, Vv) — (p,divv) = (f,v) vev,
(divup, q) + > hr((Vpr Va)T
T

— (Aup, Vo)1 —a2h2 )T g€ @y
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Stab ion of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A Stabilisation of the projection equation

(HuGHES, MASUD)

The projection equation is a Darcy equation (porous media) :
Projection of H}(2)¢ on the space {v € L?(Q)9; divv =0} :
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A Stabilisation of the projection equation

(HuGHES, MASUD)

The projection equation is a Darcy equation (porous media) :
Projection of H}(2)¢ on the space {v € L?(Q)9; divv =0} :

Given u € H}(Q)9, Find v € H(div; Q), p € L3(R) such that :

v+ Vp=u in Q
divv =0 in Q
v-n=20 on [
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Mixed Formulation :
7 = A mesh of Q (triangles or tetrahedra).

Vi = {w € H(div,Q); w7 € RTo(T), T € T}
Qn = {q € L*(Q); g1 € Po, TGThf/q_O}
Q

RTo(T)={w: T —R?% w(x)=a+bx, acR? becR} TeT,
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Find (vp, pn) € Vi X Qp such that :
(vh, W) — (pp,divw) = (u,w) VweV,
(divvp,q) =0 VqgeQn
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Stab ion of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Find (vp, pn) € Vi X Qp such that :
(vh, W) — (pp,divw) = (u,w) VweV,
(divvp,q) =0 VqgeQn

Remark. An efficient method consists in using a mixed hybrid
method (DuBo1s, TOUZANI, ZIMMERMAN). It enables
decoupling v and p
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A stabilization of the Darcy equation.

Let V° = L2(Q)?, Q% = {q € H(Q); [,q =0}
The stabilized formulation reads :
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A stabilization of the Darcy equation.

Let V° = L2(Q)?, Q% = {q € H(Q); [,q =0}

The stabilized formulation reads :
Find (v, p) € V° x Q° such that :
(v,w) + (Vp,w) = (u,w) Vwe Ve,
—(v,Vq)+(Vp,Vq) = (u,Vq)  VgeQ’
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A stabilization of the Darcy equation.

Let V° = L2(Q)?, Q% = {q € H(Q); [,q =0}
The stabilized formulation reads :

Find (v, p) € V° x Q° such that :
(v,w) + (Vp,w) = (u,w) Vwe Ve,
—(v,Vq)+(Vp,Vq) = (u,Vg)  VqgeQ°

Note that this implies :

v+Vp=u = divv+ Ap=divu
divv — Ap = —divu
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

A stabilization of the Darcy equation.

Let V° = L2(Q)?, Q% = {q € H(Q); [,q =0}
The stabilized formulation reads :

Find (v, p) € V° x Q° such that :
(v,w) + (Vp,w) = (u,w) Vwe Ve,
—(v,Vq)+(Vp,Vq) = (u,Vg)  VqgeQ°

Note that this implies :

v+Vp=u = divv+ Ap=divu
divv — Ap = —divu

Whence divv = 0. We also deduce v-n=0on I.
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

We define the forms
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

We define the forms

We have
Z((w, q); (w,q)) = [|w][§ + [ Vqll3
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

We define the forms

We have
Z((w, q); (w,q)) = [|w][§ + [ Vqll3

We obtain the variational formulation

{Find (v,p) € V° x @ such that
B(v, p); (w, @) = Z((w, q)) ¥ (w,q) € VS x Q°
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

We define the forms

We have
Z((w, q); (w,q)) = [|w][§ + [ Vqll3

We obtain the variational formulation

{Find (v,p) € V° x @ such that
B(v, p); (w, @) = Z((w, q)) ¥ (w,q) € VS x Q°

The Lax—Milgram lemma ensures existence and uniqueness of a
solution of the continuous and the discrete problems if we chose
finite element spaces V,, C H}(Q)? and @, C L3(Q).
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Discretization.

Vi ={wec®(Q) wire(P)’, TeT,

Qr ={q€CQ); qreP, TET, /qhzo}
JQ
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Discretization.
Vi ={w e C%(Q)%; wir € (P)?, T € T},
Qr ={q€CQ); qreP, TET, / qn = 0}
JQ

Convergence Analysis.
We have (MASUD-HUGHES) :

v —vallo + V(P = pr)llo < C (h*|v]2 + hp2)
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Implementation.
The matrix formulation reads :

M B Y, Mu
-B" A)\p B u
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation

A stabilization of the Stokes equations

Implementation.
The matrix formulation reads :

(a7 &) ()= (&)

(A+B'"M™'B)p=2BTu
v=u—Bp

Then
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Implementation.
The matrix formulation reads :

(a7 &) ()= (&)

(A+B'"M™'B)p=2BTu
v=u—Bp

Then

This is analogous to

*(Ah + divy vh)ph = —2divuy
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Implementation.
The matrix formulation reads :

(a7 &) ()= (&)

(A+B'"M™'B)p=2BTu
v=u—Bp

Then

This is analogous to

*(Ah + divy vh)ph = —2divuy

Remark. The matrix B’ M !B is sparse if M is diagonal (mass
lumping).



Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation

A stabilization of the Stokes equations

Define the spaces :

Vi, = {v e C%(Q)¢; VT € P, T €Ty, vjr = 0}

Qv ={q€C’Q); qr € Py, T €T, /qO}
Ja
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation

A stabilization of the Stokes equations

Define the spaces :
Vi, = {v e C%(Q)¢; VT € P, T €Ty, vir = 0}
Qn = {q € C°(); q7 € P, T €T, / g =0}
Ja

We define a stabilized projection scheme by :

uitl e v, aptt e Vi, pitt e Qy

1 —

ﬂ(uﬁl - UZ:V) -+ (vuz+lv VV) - (fn+lvv) - (VPZ V) vV E Vh
1 - n

E(uz+1 —ultv) + (V(pI™ — pp),v) =0 ve vV,
— (upth,Vq) + 6t(V(pptt - pp), V) = (5, Va) g€ Qn
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Stabilization of the projection equation
A stabilization of the Darcy equation

Stabilized Methods Implementation
A stabilization of the Stokes equations

Convergence

(DuBo1s, TOUZANI)

We take d = 2, k = ¢ = 1. Then, under the regularity
assumptions :

u, up € LX(H*(Q)?), ux € L°(HY(Q)?),
P pe € LX(HH(Q)), pre € L¥(L2(R)),

we have the error bounds :

Ju — upllgo (11 (@)2) + lP = Phlles(2(n)) < € (h+6t),
lu — upllge(i2(yy < C (B + 6t).

This result is generalizable to the 3-D case.
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Extensions

A 2nd-order scheme for Navier-Stokes equations :

@ Cranck—Nicholson for the viscosity term

@ Adams—Bashforth for the explicit convective term

(Mv,w) := (v,w) Mass

(Kv,w) :=v(Vv,Vw) Viscosity

(C(v),w) :=(v-Vv,w) Convection

(Bq,w) :=(Vq,w) Pressure gradient

(Ap,q) := (Vp,Vq) Pressure Poisson equation
(b,w) := (f,w) External forces
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Extensions

= 2nd-order projection scheme
1 ~n+1 n 1 ~n+1 n+1 n 1 n
MM(u u)+2Ku =b""2 —Bp 2Ku
3 1
—5 C(u") + 5 C(u™1)
(A+BM1B)q""l =2Bu""!
M un+1 _ Mi‘jﬂ+1 - B qn+1

pn—‘,—l _ pn + 2(stqn+1
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Numerical Test

Extensions

Convergence Rate

0.0001 |

Mesh Step

1e-005
10

Rate ~ 1.9




Extensions

Example : Driven cavity Flow
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Velocity (Re=500)
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Extensions

Streamlines (Re=500)
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